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Week 33 :

On termination of flips .

Shomron and Dirhams approaches .



On termination of flips :

Termination in Iim n - t }
g
-→ Existence of flips in timn .

+

Existence of flips in Jim his (Hawn- McKernan ) .

Log discrepancy :

(X ,d) log pair
. E prime Trevor over X .

E :'(→ ✗ pro, birational morphism extracting E ,

then we can write He + Its VCkx+d ) .

We define the log discrepancy of IX.d) at E

OCECX.LI ) = 1- coeffz-C.de ) .

(X /d) is *It if AE Cha ) 20 for all E

(X, d) is to if AE CX.LI ) so for all E-



Minimal log discrepancy :

MH IX.Dix ) = min {aECX.AT/CxCEI--x }

Examples : mld CAM :o) = n

n has a An -
sing

at x ,
✗Ztytzh -1 ⇒ .

Then mld (Xnix 1--1 .

mld (Cn ;x ) =L , where Cn is the cone over a rat come

og degree
n.MILCceiv ) - o . where Ce is the cone over an elliptic

curve

↳
we will use this invariant to study flips .

Lemma (Monotonicity ) : Let

IX. d) - -
"
→ (✗+at )

www.t
be a flip for ✗ 1- d. For

every
E over X , we have

OLE (X , D ) E or
E
(✗+ , at )

Furthermore
,
the inequality is strict iff Cx CES C- Exert.



Definition : f :X - - → Xt is a J - contraction if

the complete transform of each irreducible subvariety of Jim > n-d

is well - defined and its
image

have the same Jim or time n -t-s.

h - contraction = regular morphism.

1- contraction = birational contraction
.

bi -d- birational : f and f-
'

are
d- contractions

Lemma : Any sequence of d- contraction
Xi - - - > Xin

of projective varieties bi rationally d- stabilizes , that is ,

for i >so , they are all bi - d- birational
.

Idea : Instead of looking at PCX) (d -11
, we consider

the rank of the
group of alg cycles of codimd motto alg gone



Conjectures on minimal log discrepancies .

Conjecture Cshororoy
, 2000: ACC ) : Let n be a positive integer .

Let HER be a set satisfying the descending chain condition COCCI
.

Then the set

{ mid CX ,dial / (XLI ) n -Jim Kit , coeff Ca ) c- 11}
.

There is an upper
bound

satisfies the ascending chain condition
.

for the mH of n -2m .

Conjecture Cambro, 2000s, LSC ) : (X >4) to pair .

✗ c- ✗ be a t -dimensional point . There exists VEX

so that for every
d-Jim point ad for which sets -079 ,

we have - MHCX ,disc ) f mild CX all ix ' ) .

The copper
bound is n

.

Lemma: ( ✗ id ) log pair . There exists a finite

partition Xi of ✗ , so that each Xi is constructible and

mlt fordson is constant on CXIIJ for each i and d.

↳ mld stratification is constructible



Theorem ( Shomron 2004 '

) : ACC in Tim n t LSC in t.mn

→ Termination in Jm n

Sketch of the proof :

Tts

CX, ,d.) - ? ? → (✗z.de ) -?? > (X,.dz ) - - →

fat feat
W , V2

Oci = mld ( Xi , Gi i Ex Cri )) 20.

Step 1 : The minimum ai stabilizer .

There exists azo , so that ar za for every i and a -ai

for infinitely many it
.

El EZ E'
Ea•÷%÷ : ::

•

(✗ik, )
\

"
'
- doo .

☒ Fg] where
g- only depend on Cxna,

,

⇐ QEI (Xiii ) by monotonicity.



Infinite increasing sequence
? This would violate ACC.

or stabilizes and qi
- ou for infinitely many it

step 2: The maximal dimensional center
, whereon the

Mld on. =a is attained stabilizes . We call it d.

Step 3 : On each (Xilai ) there exists a cheat subvariety
Wi C- Xi for which the following holds .

1) Each d- point x with mldcxiiltiixd - or belongs to Wi ,
2) each d-point 2C c- Wi bas hold Cxiiliise ) toe , and

3) each
generic

d- point Ke Wi has mHCXi,4iixJ_-a

This follows from stratification Lemma t LSC .

Step 4 : Witi is the
proper transform of Wi .

Step 5 : Wi - -→ Wits stabilizer birational

step 6 : The transformation Wi --→ Wits are



me timwv .

Step 6 : The transformation Wi -- -→ Wits are

birational Cm -d) - contractions . Furthermore
,

at least one
d- point is contracted whenever ai=a ,

2nd there exists a point x in Excri ) with

Jim × - J and MH (✗ i.di in ) -a. ( infinitely many
flips with this

conditionµµ , gon sap , , µ .mg.my .

v eventually is bi - Crn -d) - birational ☐ .

Philosophy of the previous proof .

(✗t.LU ) -F- > (Xu da ) -? ? > (✗3,2131 - -
- >

. . .

Wi = locus where the mld of cxi.li ) is computed .

If Wi E Excr;) , then mild CDs , d;) > mid and:)
✓
- I

• We used LSC to
prove

that Wr is eventually flipped
or all fbpsareeuentoalbtisj.io#fromWi.&l↳ MH increases

• We use ACC and the previous
tot to get a contrition



Log canonical thresholds :

IX.d) klt , Ezo on ✗ On- Carter .

We define lot CCX ,d) i E) = sup { tllxidtte ) is Ic }

Examples : Ict CAM , qH ) = ¥ .

let CAT , 1×3 - y2=01 ) - § .

1-1=111×4 + . . + ✗F) C- AY , Ict (Al" / H ) = man { 1. It? ¥1 .

>
I - In

Conjecture CAC Let LL be a set

satisfying the DCC .
Let n be a perilune integer .

Then the set

IX.d) Ic n -Jim ,

{ Ict ((Xo) ; H ) / HEX On - Cartier } ,LCTCI.nli-coeffkl.coeffc.tl ) ELI

satisfies the ascending eham contrition



Birbal's approach to termination :

(✗ ill ) is an effective pair Kitano Heo .

(✗ a.4) (✗a. Az ) -Is CX}d, ) Is .
. .

Ho - Rin Hi - i intrtixeb .

For each I , we can define di-lctccxi.li ) ; Hr ) zo .

Xxi +Dino Hi 20 . Then
.

Kii + Di + Atli no ( I +d) (Haiti )

A flip for
'

kxitdi is also a flip for kxitditdt.li .

④ vestron : When does di > ii.→ ?



M = flipping low
.

yC×i
-dis

di = lct@Xi.di ) i Hit .

Hi
1k = Icc ( Xi , di + hi Hi )

i

✗ i = dit ,
(✗ ix. Gits )¥É
Hits

Remain : If the flipping
loci does not contain . the la

then kite - ii.

] If the flipping loci does contain the la

|thendi+a> only finitely many
time



✗¥¥- ↳ ⇒ .

Replace X with XIZ
.

ill ) : H ) lot CCXIZ
, Lllxnzlitllxvo )

.

↳ can happen only finitely many times .



☒
×

2- = Iec CCX .d) it ) .

µL¥¥7 :-.
"

In the motel T
,
the red loci

appears with coeff one in the boundary of

✗
*

Ckx +4+111-1 ) = Kt +St . . .

it We lift the sequence d- flips from X to T
.

iil We perform adj to s and obtain a →c- by lower
time term



Theorem (Birran 20071 :

Assume ACC for Icts in Jim n

t

Assume termination of lowerbmfhps.TN#1

÷
term.↳no- t "

Summary :
> Lsc

Try to study the most sing
loci

- of sequence of ftp./Aqombn
the seqoncerÉh¥g and

the moot
sing

too can

É¥÷:*
.

↳ All for mid 's



In BCHM :

✗ +21 is big , we have a lot of sections

Hss - -

,
the 1 Kitale , we can produce

a lot of thresholds :

let ⑥✗ ill )id;H , + .
- - + in Hn )

.

For certain chores of this thresholds
,
2-

will
again

be of general type .

Then
, flips should terminate over Z .

☐ .


